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Fault Accommodation in Control of Flexible Systems

Peiman G. Maghami,¤ Dean W. Sparks Jr.,† and Kyong B. Lim‡

NASA Langley Research Center, Hampton, Virginia 23681-0001

New synthesis techniques for the design of fault accommodating controllers for � exible systems are developed.
Three robust control design strategies, static dissipative, dynamic dissipative, and ¹-synthesis, are used in the
approach. The approach provides techniques for designing controllers that maximize, in some sense, the tolerance
of the closed-loop system against faults in actuators and sensors, while guaranteeing performance robustness at
a speci� ed performance level, measured in terms of the proximity of the closed-loop poles to the imaginary axis
(the degree of stability). For dissipative control designs, nonlinear programming is employed to synthesize the
controllers, whereas in ¹-synthesis, the traditional D–K iteration is used. To demonstrate the feasibility of the
proposed techniques, they are applied to the control design of a structural model of a � exible laboratory test
structure.

Introduction

C ONTROL systemdesignfor � exible systemsis challengingbe-
cause of their special dynamic characteristics:a large number

of structural modes within the controller bandwidth; low, closely
spaced modal frequencies; very small inherent damping; and in-
suf� cient knowledge of the parameters. For a control design to be
considered feasible, it must 1) be of reasonably low order, 2) satisfy
the nominal performance speci� cation, and 3) be robust to errors
in the design model. A feasible control design must be robust to
parametric and nonparametric uncertainties in the system model.
In this study we focus on errors or failures in the control system
hardware, such as sensors and/or actuators. It is desirable to design
a controller that can accommodate, to a speci� ed degree, the failure
and/or degradation of the control system hardware.

Generally, instrument failures can be divided into two categories:
hard failure,which indicatesthe total loss of the instrument,and soft
failure, which indicates a partial loss of the instrument, resulting
in input–output performance degradation. Hard failures have been
traditionally dealt with through the introduction of redundancies,
along with reliable fault detection systems. Soft failures have been
traditionally accommodated through control designs that guarantee
suf� cient stability margins. In single-input/single-output systems,
the stability margins are imposed through gain and phase margins.
For multi-input/multi-output systems, stability margins can be at-
tained through robust control theory. This paper investigates the
use of robust control theory in developing a methodology for de-
signing fault-accommodatingcontrollers. Three robust control de-
sign techniques,namely, static dissipative,dynamic dissipative,and
structuredsingular-value-basedcontroldesigns,are considered.The
paper considerssoft instrument failure in the form of degradationof
the sensitivity and output of the instrument(s), e.g., actuator force
output has decreased for a given input voltage command.

Synthesis techniques are presented for each of the three control
strategies to design controllers that provide a speci� ed degree of
stability while accommodatingsoft input–output failures. The term
degreeof stabilityrefers to the distancefrom the pole of closed-loop
system closest to the imaginary axis, which can be viewed as a per-
formance measure for the system. The approach taken reduces the
robust performanceproblem to a robust stabilizationproblem. Sim-
ple conditions for robust stabilizationare established for both static
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and dynamic dissipativecontrollers.For dissipativecontrol designs,
nonlinear programming is employed to synthesize the controllers,
whereas in ¹ synthesis, the traditional D– K iteration method is
used.To demonstratethe feasibilityof the proposedtechniques,they
are applied to the control design of a structural model of NASA’s
Phase-II Controls–Structure Interaction (CSI) Evolutionary Model
test structure.

In the followingsections, the presentedfault accommodationthe-
ories have been formulated for the case of actuator failures. Sensor
failures can be treated using similar approaches.

Plant Description
A typical model of a linear, time-invariant (LTI) � exible system

may be representedby the following second-orderdynamical equa-
tion:

M Rx C D Px C K x D Bu (1)

together with some set of measurement and performance output
equations

yp D Cmpx; yr D Cmr Px; zp D C ppx; zr D C pr Px
(2)

where M is the positive de� nite mass matrix; D is the positive
semide� nite damping matrix; K is the positive semide� nite stiff-
ness matrix; B is the input in� uence matrix; Cmp and Cmr are the
position/displacement and rate/velocity measurement output in� u-
ence matrices, respectively;C pp and C pr are position and rate per-
formance output in� uence matrices, respectively;x is a k £1 vector
of coordinates, or degrees of freedom; u is a m £ 1 vector of in-
puts to the system; yp and yr are the position and rate measurement
output vectors, respectively; and zp and zr are the position and rate
performance output vectors, respectively. Usually, a � nite element
analysis is used to obtain these matrices. In most cases, the num-
ber of degrees of freedom, k, is quite large and, thus, impractical
to work with for general design and analysis purposes. To make
the problem more tractable, the vector x is transformed into modal
coordinates using the transformationx D 8r, with r being a n £ 1
vector of modal amplitudes and n ¿ k. The transformation matrix
8 contains n columns, which are the eigenvectors associated with
the n modes of interest of the � exible system. The equations for the
system, in transformed coordinates, are

Mr Rr C Dr Pr C Kr r D 8T Bu

yp D Cmp8r; yr D Cmr 8Pr (3)

zp D C pp8r; zr D C pr 8Pr

If normal modes are used, and their mode shapes have been nor-
malized with respect to the mass matrix and modal damping is as-
sumed, then Mr D In £ n , Kr D diag.!2

1 ; !2
2; : : : ; !2

n/, and Dr D
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diag.2³1!1; 2³2!2; : : : ; 2³n!n/, with !i and ³i being the open-loop
natural frequencyand damping ratio values, respectively,for the i th
mode.

By de� ning a new vector xs D [rT PrT ]T , the second-order equa-
tions in Eq. (3) can be rewritten into � rst-order form as

Pxs D Asxs C Bsu
(4)

As D
0 In £ n

¡Kr ¡Dr
; Bs D

0

8T B

The measurement and performance output equations can then be
written as

y D
yp

yr
D Cxs ; z D

z p

zr
D Czxs

(5)

C D
Cmp8 0

0 Cmr 8
; Cz D

C pp8 0

0 C pr 8

Here, xs is the plant state vector, As is the plant state matrix, Bs is
the control input in� uence matrix, and C and Cz denote the mea-
surementoutputand performanceoutput in� uencematrices, respec-
tively. A thorough descriptionof these matrices with normal modes
is given in Ref. 1.

Problem Formulation
In this section, the developmentof the three controldesign strate-

gies, static dissipative, dynamic dissipative, and ¹ synthesis, will
be discussed.

Static Dissipative Controller
Dissipative controllers that utilize collocated and compatible ac-

tuators and sensors offer an attractive strategy for active control of
� exible systems. For example, this means actuatorssuch as torquers
are used with attitudeand attitude rate sensorsand thrustersare used
with linear position and linear velocity sensors. Note that complete
sensor–actuatorcollocationand compatibilityimplies that in Eq. (3)
Cmp D Cmr D BT . Dissipative controllers utilize special passivity
type input–outputpropertiesof the plant and offer robust stability in
the presence of both nonparametricand parametric uncertainties.1;2

The simplest controller of this type is the constant-gainstatic dissi-
pative controller, which is given as follows:

u D ¡G pyp ¡ Gr yr (6)

where yp and yr are the measured position/attitude and rate and
G p and Gr are symmetric, nonnegative-de�nite gain matrices. The
staticdissipativecontrollercan beusedas a low-authoritystabilizing
controller in a hierarchicalarchitecture,or as the primary controller.

The objective of this section is to develop a procedure for de-
signing the gains of a static dissipative controller so as to provide
robust performance against actuator or sensor failures described
earlier. Robust performance means that a speci� ed level of system
performance is maintained under possible hardware failures. In this
development, the time constants of the closed-loop system poles,
i.e., the damping in the closed-loop poles, is used as a measure for
performancerobustnessdesign.Here, for simplicityof presentation,
we shall assume without any loss of generality that the static dissi-
pative controller considered would provide damping enhancement
only, i.e., the position/attitude gain matrix G p is null. It is noted
that if zero-frequency rigid modes, which are to be controlled by
the dissipative controller, are present the position/attitude gain ma-
trix cannot be null. Note that with collocated and compatible rate
feedback alone C D BT

s . Moreover, the controller is assumed to be
decentralized(local feedbackonly), such that the rate gain matrix is
diagonal.Although, decentralizationmay limit the capability of the
controller, it would generally enhance its stability robustness and
provide for easier and more practical implementation.Furthermore,
because the controller is diagonal due to decentralization,diagonal
input–output multiplicative uncertainties of the system are equiva-
lent. Therefore, only input multiplicative uncertainties need to be
considered.

Fig. 1 Block diagram of the feedback system with multiplicative un-
certainty in the input.

The problem is now to design a static dissipative controller such
that the poles of the closed-loop system, represented by the eigen-
values of the closed-loop state matrix As ¡ Bs Gr BT

s , reside in a
speci� ed region in the left-half plane, i.e., to the left of a line that is
parallel to the imaginary axis, intersecting the real axis at x D ¡®,
and is designatedas the ¡® line, for a de� ned uncertainty in the in-
put to the plant. In otherwords, the systemis to maintain an ® degree
of stability in the presence of the uncertainty.The block diagram of
the system is shown in Fig. 1.

Here, P denotes the plant transfer function de� ned as BT
s .s I ¡

As /
¡1 Bs , 1 representsthe uncertaintyin the input, and K represents

the controller Gr .
Lemma 1: Let P 0 denote the transfer functionof the plant with its

poles shifted to the right by ®, de� ned as BT
s .s I ¡ As ¡ ® I /¡1 Bs .

Then, the ®-deg robust performance problem may be changed to
a robust stabilization problem by requiring that the controller K
stabilizes a modi� ed plant P 0 for a de� ned uncertainty in the input
to the plant.

Proof: Let K stabilize P 0 with respect to the uncertainty in the
input 1. This means that the poles of the modi� ed closed-loopsys-
tem are all stable (to the left of the imaginary axis) for all allowable
uncertainty, indicating that the poles of the true closed-loop system
would then be to the left of the ¡® line (because the poles of true
system are the poles of the modi� ed system shifted to the left of the
imaginary axis by ¡®).

The uncertainty 1 is assumed to have a diagonal representation,
1 D diag.±1; ±2; : : : ; ±m /, to allow for independent uncertainty in
each input channel. However, because of the dissipative and de-
centralized nature of the controller one can use a simpler form of
uncertainty as indicated by the following theorem.

Theorem1: K stabilizes P 0 forall1 D diag.±1; ±2; : : : ; ±m /, j±i j ·
±max 8i , iff K stabilizes P 0 for all 1 D ±max

NI , where NI is any diagonal
matrix with elements that equal either 1 or ¡1.

Necessity Proof: Obvious from the statement of theorem 1.
Suf�ciency Proof: The closed-loopsystem equation for a distinct

diagonal uncertainty block may be written as

Acl D A0
s ¡ Bs

1 C ±1 0 : : : 0

0 1 C ±2 : : : 0
:::

:::
: : :

:::

0 0 : : : 1 C ±m

Gr BT
s (7)

with each j±i j · ±max and A0
s D As C® I . Rewrite Eq. (7) as follows:

Acl D OAcl ¡ Bs

´1 0 : : : 0

0 ´2 : : : 0
:::

:::
: : :

:::

0 0 : : : ´m

Gr BT
s (8)

or

Acl D OAcl ¡ Bs
OGr BT

s (9)

where OAcl D A0
s ¡ .1 ¡ ±max/Bs Gr BT

s and ´i D ±max C ±i , 8i , with
0 · ´i · 2±max, 8i . The eigenvalues of OAcl are stable because by
assumption K stabilizes P 0 for all 1 D ±max

NI , which includes
1 D ±max I . Also, the gain matrix OGr is dissipative. Now, the suf� -
ciencyof thepremisecan be provedbycontradiction.From the state-
ment of the theorem, K stabilizes P 0 for all 1 D ±max

NI , or by def-
inition, for all H ´ diag.´1; ´2; : : : ; ´m / D ±max.I C NI /. However,
assume that there exists a matrix Hu ´ diag.´u1; ´u2; : : : ; ´um/,



502 MAGHAMI, SPARKS, AND LIM

0 · ´i · 2±max; 8i such that the closed-loop system is unstable. It is
known from the behavior of LTI systems with decentralized dissi-
pative controllers that, as the gain elements are increased, the poles
of the closed-loopsystem approach the transmissionzeros from the
left-hand side.3¡5 For example, keeping´u2; ´u3; : : : ; ´um the same,
as ´1 is increased from 0 to 2±max, the closed-looppoles move from
the open-loop poles toward the transmission zeros of the system
.A0

s ; Bs1; BT
s1/. Either the closed-loop poles are stable at ´1 D 0,

or they are not. If at ´1 D 0, all poles are stable, then because the
closed-loop system is assumed to be unstable at ´1 D ´u1 , and the
loci approach the transmission zeros from the left side, it is obvi-
ous that the closed-loop system would continue to be unstable as
´1 approaches 2±max . This indicates that if the closed-loop system
is unstable at ´1 D ´u1 , it will also be unstable at either ´1 D 0 or
´1 D 2±max , or both ´1 D 0 and ´1 D 2±max . Following the same argu-
ment for the other channels, it can be concluded that if the closed-
loop system is unstable for ´u2; ´u3; : : : ; ´um , it will be unstable as
well for some 1 in ±max

NI . This violates the initial assumption that
K stabilizes P 0 for all 1 D ±max

NI and, thus, theorem 1 is proved.
Therefore, the robust performance problem is rede� ned in terms

of a robust stability problem under a restricted diagonal uncertainty
structure in the input. The problem is to compute ±max that satis� es
the conditions of theorem 1.

The approachtaken for synthesizinga static dissipativecontroller
is optimizationbased. Here, nonlinear programming is used to syn-
thesize the elements of the rate gain matrix to provide maximum
allowance for uncertainty in the inputs. One possible optimization
scenariomay be to use a repeateddiagonaluncertaintystructureand
optimize the elements of the rate gain matrix to maximize a bound
on ±max , for a prescribeddegreeof stability®, and subject to the con-
ditions of theorem 1. Now, given a plant P 0.s/ and a controller K , a
bound on the uncertainty (repeated diagonal uncertainty structure)
is established in the following.

Theorem 2: Given the robust stabilization problem, a bound on
the uncertainty 1 D ± I : j±j · ±max may be established as follows:

±max D sup
!

½.[I C K P 0]¡1 K P 0/
¡1

¸ sup
!

N¾ .[I C K P 0]¡1 K P 0/
¡1

(10)

In this equation, ½ represents the spectral radius and N¾ denotes the
largest singular value.

Proof (given in a corollary of Doyle6 ): The functional form used
here for ±max is the H -in� nitynorm boundgiven in Eq. (10). The rea-
son for using the H -in� nity norm bound rather than the supremum
of spectral radius is that the former is computationally tractable
(with commercial software) whereas the latter is not. Therefore, the
optimization problem is posed as follows.

Minimize the objective function

sup
!

N¾.[I C K P 0]¡1 K P 0/ (11)

over the diagonal elements of the rate gain matrix Gr , which satisfy
the conditions set in theorem 1, K stabilizes P 0 for all 1 D ±max

NI ,
which may be de� ned as

Ref¸i .A0
cl/g < 0; 8i and81 D ±max

NI (12)

as well as side constraints on the elements of the gain matrix.
The number of constraints associated with the conditions of the-

orem 1 grow exponentiallywith the number of input uncertainties.
Alternatively,onemay optimizetheEq. (10)objectivefunctionwith-
out side constraints to ensure the conditionsof theorem 1, although
the omission of the side constraints may result in the conditions of
theorem 1 not being satis� ed by the � nal design. However, experi-
ence has shown that the minimum spectral norm solution generally
provides an optimal solution that typically satis� es, or almost sat-
is� es, the conditions of theorem 1. Therefore, the recommended
synthesis procedure is to � rst � nd an optimal design, then check
the conditions of theorem 1. If these conditions are not met, then
one has three choices. First, accept a reduced ® degree of stability

for the designed ±max, which is readily available from the check of
these conditions.Second, reduce the ±max until the conditionsof the-
orem 1 are satis� ed. Last, restart the design optimizationprocedure
with the conditions included as side constraints.

Dynamic Dissipative Controller
The constant-gain static dissipative controller, though attractive

in its simplicity,may result in limitedperformancedue to its inability
to provide signal shaping. To achieve better performance, another
type of controller, the dynamic dissipativecontroller, is considered.
Like static dissipative controllers, dynamic dissipative controllers
that use collocated and compatible sensor/actuator pairs are robust
againstboth parametricand nonparametricmodeluncertainties.Un-
like the static dissipative controller, however, the dynamic dissipa-
tive controllerhas the advantageof having the freedomof controller
phase shaping, as well as gain shaping, thus enhancing its ability to
affect the overall system dynamics as desired.

The dynamic dissipative controller takes the following form:

Pxc D Ac xc C Bc y; u D ¡Cc xc (13)

where Ac, Bc , and Cc are the controller’s state, input in� uence,
and output in� uence matrices, respectively. The vector xc is the
controller state vector, y is the vector of measurements fed into
the controller, and u is the resulting controller output vector. To
ensure that the controlleris dissipative,the matrices in the controller
equation must satisfy the following7:

AT
c R C R Ac D ¡Q; Cc D BT

c R (14)

where R is positivede� nite, Q is positive semide� nite, Ac is strictly
stable, the pair (Ac , Q1=2) is controllable, and the pair (Ac , Cc) is
observable.

Like the static dissipativecontroller, the dynamic dissipativecon-
troller is assumed to be decentralized, i.e., having local feedback
connections only. Under this assumption, the matrices Ac, Bc , and
Q can be written in block diagonal form as follows:

Ac D

Ac1 0 : : : 0

0 Ac2 : : : 0
:::

:::
: : :

:::

0 0 : : : Acm

; Bc D

Bc1 0 : : : 0

0 Bc2 : : : 0
:::

:::
: : :

:::

0 0 : : : Bcm

(15)

Q D

Q1 0 : : : 0

0 Q2 : : : 0
:::

:::
: : :

:::

0 0 : : : Qm

with m the number of sensor/actuator pairs used in the controller.
In turn, for the i th sensor/actuator pair, the individual nth order
controller parameters can be written as

Aci D

0 1 : : : 0

0 0 : : : 0
:::

:::
: : :

:::
¡a1 ¡a2 : : : ¡an

; Bci D

0
0
:::

1
(16)

Q i D

q1 0 : : : 0

0 q2 : : : 0
:::

:::
: : :

:::

0 0 : : : qn

It should be noted that the order of the controller for each sen-
sor/actuatorpair need not be the same. The a and q terms are the de-
sign parameters for the dynamic dissipative controller.The a terms
control the locations of the controller poles and zeros, whereas the
q terms set the gain levels. Instead of computing the matrix Cc di-
rectly, the matrix Q is obtained � rst. Once Q is known,Eq. (14) can
be used to solve for the correspondingCc matrix.
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Referring again to the block diagram in Fig. 1, the problem
now is to design a dynamic dissipative controller K , such that the
eigenvaluesof the closed-loopsystem, representedby the eigenval-
ues of the closed-loop system matrix

Acl D
As ¡BsCc

BcC Ac

(17)

reside to the left of a speci� ed ¡® line in the left-halfof the complex
plane, for a given uncertainty in the input to the plant P . Again, the
plant transfer function is denoted by BT

s .s I ¡ As/
¡1 Bs .

Lemma 2: The ®-deg robust performance problem may be
changed to a robust stabilizationproblem by requiring that the con-
troller K 0, obtainedby ® shifting the controller K to the right, stabi-
lizes a modi� ed plant P 0, again de� ned as BT

s .s I ¡ As ¡ ® I /¡1 Bs ,
for a de� ned uncertaintyin the input to the plant.The signi� cance of
the prime notation associated with the controller will be explained
shortly.

Proof: Let K 0 represent a dynamic dissipativecontroller that sta-
bilizes P 0 with respect to the uncertaintyin the input 1. This means
that the poles of the modi� ed closed-loop system are all stable (to
the left of the imaginary axis) for all allowable uncertainty, indicat-
ing that the poles of the true closed-loop system would then be left
of the ¡® line (because the poles of true system are the poles of the
modi� ed system shifted to the left of the imaginary axis by ¡®).

Once again, the uncertainty 1 is assumed to have a diagonal
representation,1 D diag.±1; ±2; : : : ; ±m /, to allow for independent
uncertainty in each input channel. In turn, because of the dissipa-
tive and decentralized nature of the controller, one can use a much
simpler form of uncertainty as indicated by the following theorem.

Theorem 3: K 0 stabilizes P 0 for all 1 D diag.±1; ±2; : : : ; ±m/,
j±i j · ±max8i , iff K 0 stabilizes P 0 for all 1 D ±max

NI , where NI is any
diagonal matrix with elements that equal either 1 or ¡1.

Necessity Proof: Obvious from the statement of theorem 3.
Suf�ciency Proof: Let K 0 be a decentralized,dynamic dissipative

controller represented by the system (A0
c, Bc , Cc) so that A0T

c R C
R A0

c D ¡Q 0 and Cc D BT
c R for some Q 0 ¸ 0 and R > 0. Because

K 0 stabilizes P 0 for all 1 D ±max
NI , then K 0 will stabilize P 0 for

1 D ¡±max I . Now, for any distinct uncertaintyblock, the controller
output matrix can be written as

Cc D [I C diag.±1; ±2; : : : ; ±m /]BT
c R

D [.1 ¡ ±max/I C diag.´1; ´2; : : : ; ´m /]BT
c R

´ [.1 ¡ ±max/I C H ]BT
c R (18)

with ´i D ±max C ±i , 8i and 0 · ´i · 2±max. It is observed from the
preceding controller output matrix equation that the feedback loop
has been decomposed into a stabilizing dissipative feedback term,
with C1

c D [.1 ¡ ±max/I ]BT
c R, which stabilizes P 0, along with a

feedback term C 2
c D H BT

c R. Now, de� ne the matrix 0 D [01, 02,
: : : , 0m], where 0i D ´i Ii and Ii is an identitymatrix the size of A0

ci ,
i.e., the size of 0 equals the size of A0

c . Because K 0 is decentralized,
A0

c, Bc , Cc , Q 0, and R are all block diagonal, such that

A0T
c R0 C 0 R A0

c D ¡0Q 0; C2
c D BT

c R0 (19)

Now,because0 ¸ 0, 0Q 0 ¸ 0, and R0 > 0(exceptfor the trivialcase
of any 0i D 0), therefore,the secondfeedbackterm C2

c is dissipative
as well. From here, the same proof by contradictionargumentsused
to prove theorem 1, i.e., the static dissipative case, apply.

Just as in the static dissipative controller design strategy, the ro-
bust performance problem is rede� ned in terms of a robust stability
problem under a restricted diagonal uncertainty structure in the in-
put. For the dynamic dissipative case, the problem is to compute
±max that satis� es the conditions set in theorem 3.

The approach taken for synthesizing a dynamic dissipative con-
troller is optimization based, just as in the synthesis of the static
dissipativecontroller.Again, nonlinearprogramming is used to syn-
thesize the controller matrices to provide maximum allowance for
uncertainty in the inputs. Using a repeated diagonal uncertainty
structure, the elements of the matrices A0

c and Q 0, which de� ne

the dynamic dissipative controller K 0, are used as design variables
and are optimized to maximize a bound on ±max , for a prescribed
degree of stability ®, subject to the conditions of theorem 3. The
optimization problem is posed as follows.

Minimize the objective function

sup
!

N¾ .[I C K 0 P 0]¡1K 0 P 0/ (20)

over the elements of A0
c and Q 0, more speci� cally, the parameters

a 0 and q 0 [see Eq. (16)], that meet the conditions of theorem 3, K 0

stabilizes P 0 for all 1 D ±max
NI , which may be de� ned as

Ref¸i .A0
cl/g < 0; 8i and 81 D ±max

NI (21)

as well as side constraintson the elementsof the matrices A0
c and Q 0.

In dealing with the side constraints, one can follow the discussion
presented for the static dissipativecase.

Note that the preceding fault accommodation formulations refer
to the dynamicdissipativecontrollerK 0. This is not the real dynamic
dissipative controller that is desired because K 0 was designed for
the arti� cially shifted plant P 0, not the actual plant P .

Lemma 3: The real controller K can be computed from K 0 by
reverse shifting the eigenvalues of K 0 by ®, i.e., the same amount
that the eigenvalues of the plant P were moved to create P 0, but
in the reverse direction. That is, Ac D A0

c ¡ ® I , where Ac is the
state matrix of K and A0

c is the state matrix of K 0. The resulting
controller K will also be a dynamic dissipative controller provided
that the poles of K are to the left of the ¡® line.

Proof: Let the dynamicdissipativecontrollerK 0 be de� ned by the
following equations: Pxc D A0

c xc C Bc y and u D ¡Cc xc . Because
K 0 is a dynamicdissipativecontroller,the followingconditions(pos-
itive realness conditions) must be true: A0T

c R C R A0
c D ¡Q 0, R > 0,

and Q 0 ¸ 0. By adding¡2®R to both sides, theprecedingLyapunov
equation can be rewritten as A0T

c R C R A0
c ¡ 2®R D ¡.Q 0 C 2®R/,

or as .A0
c ¡ ® I /T R C R.A0

c ¡ ® I / D ¡.Q 0 C 2®R/, and � nally,
as AT

c R C R Ac D ¡Q, with Ac D A0
c ¡ ® I and Q D Q 0 C 2®R.

Because ® > 0, and 2®R > 0, then Q > 0. Now, if A0
c has its eigen-

values to the left of the ¡® line, i.e., Ac is strictly stable, (Ac , Bc ,
Cc ) also satis� es the positive realness conditions and, therefore, the
real controller K will also be a dynamic dissipativecontroller.Note
that neither Bc nor Cc change during the reverse shift operation.
The reverse shift operation is unnecessary for the static dissipative
controllerbecausethat controllerhasnodynamicsassociatedwith it.

¹ Controller
The robust performance of interest in this study is to guarantee

that real components of all closed-loop eigenvalues remain to the
left of ¡® under prede� ned uncertainties.

Consider two LTI feedback systems, G ´ .As ; Bs; Cs; 0/, K ´
.a; b; c; d/ and G 0 ´ .As C ® I ; Bs; Cs; 0/, K 0 ´ .a C ® I; b; c; d/.
From the closed-loopsystem matrices, it is clear that theeigenvalues
3 of the closed-loop system .G; K / are related to the eigenvalues
30 of the closed-loop system .G 0; K 0/ by

3 D 30 ¡ ® I (22)

Let 1 2 B1, where B1 denotes the set of bounded and structured
uncertainty. Let P 0

22 and K 0 be ®-shifted systems corresponding
to P22 and K . De� ne the augmented plants for linear fractional
transformations (LFTs) partitioned as

P ´
P11 P12

P21 P22
; P 0 ´

P11 P12

P21 P 0
22

(23)

and the lower LFT

Fl .P 0; K 0/ D P 0
11 C P 0

12 K 0.I ¡ P 0
22 K 0/¡1 P 0

21

D P11 C P12 K 0.I ¡ P 0
22 K 0/¡1 P21 (24)

The following summarizes the ® degree of stability robustness
with respect to structured uncertainty.

Theorem 4: The eigenvalues of the set of perturbed closed-
loop system .P; K ; 1/, 81 2 B1 remains on the left of ¡® iff



504 MAGHAMI, SPARKS, AND LIM

sup! ¹.Fl .P 0; K 0/11/ · 1, where the subscript11denotestheupper-
left partitionof . /, which in this case correspondsto the uncertainty.

Proof: From Doyle,6 the closed-loop system .P 0; K 0; 1/ will be
robustly stable 81 2 B1 iff sup! ¹.Fl.P 0; K 0/11/ · 1. Then from
Eq. (22), .P; K ; 1/ will be robustly stable with degree ®.

The design implication is clear from theorem4. The performance
index, sup! ¹.Fl .P 0; K 0/11/, can be minimized with respect to the
given uncertainty structure, to attain or get close to ® degree of
robust stability. The actual minimization can be carried out using
D– K iteration via ¹ tools.8

The design strategy is summarized in the following steps:
1) First ® shift P22 in Eq. (23) to obtain the shifted plant P 0

22 .
2) Next, use ¹ synthesis to design a controller K 0 to minimize the

sup! ¹.Fl .P 0; K 0/11/, whichwillmaximize theuncertaintyallowed.
3) Last, reverse ® shift K 0 to obtain the implementing controller

K .

Numerical Examples
To demonstrate the feasibility of the proposed control synthesis

techniques, they were applied to the control design of the Phase-II
CSI Evolutionary Model (CEM), a testbed at NASA Langley Re-
search Center for ground-based experimental studies of multi-
payload space platforms. The structure, shown in Fig. 2, consists
of a 620-in.-long aluminum main truss with several appendages.
Three two-axis gimbals, each implemented with a laser source and
a high-precision scoring system, are attached to the main bus to
simulate science payloads on a space platform. Eight bidirectional
thrusters are used for platform control and/or disturbance genera-
tion, whereas eight collocated accelerometers provide acceleration
measurements for feedback control. These acceleration signals are
integratedwith theaid ofwashout� lters to providecollocatedveloc-
ity measurements. A 20th-order state-space model of the structure
was used in the analysis.

Static Dissipative Controller
A static dissipativecontrollerwas synthesizedusingthenonlinear

programming approach described earlier. Using the eight diagonal
elements of the rate gain matrix as design variables, and the de-
sired degree of stability ® taken as 0.30, the elements of the rate
gain matrix are optimized to maximize the fault tolerance of the
closed-loop system. Here, the optimization problem presented for
the static dissipative controller case used Eq. (11), i.e., the optimal
gains were computed by minimizing the H -in� nity norm bound of
the closed-loop system, as formed by the nominal ®-shifted plant
P 0 and the designed controller K , to maximize ±max. Constraints
were placed to ensure that the set of eigenvaluesof the closed-loop
system were stable. However, closed-loopstability checks based on
theorem 1 were not done in the controller synthesis procedure. The
automated design synthesis (ADS) software9 was used to carry out
the optimization.The interior penalty function method of ADS was
used to solve the nonlinear programming problem. The initial val-
ues of the gain elements were set at 1.0, with the lower bound and

Fig. 2 Schematic of the Phase-II CEM.

upper bound values set at 0.001 and 1000, respectively.The initial
value of the objective function (H -in� nity norm of the closed-loop
transfer functionat the input) was 5.51. The optimizationdecreased
the objective function to a value of 2.97 (a 46% reduction), thereby
increasing the upper bound constraints on the uncertainty norm by
almost a factor of two. The true measure of uncertainty allowance,
however, is almost inversely proportional to the maximum value of
the spectralradiusover the frequencyspectrum[seeEq. (10)], which
turned out to be 2.71 for the optimal design. This provides for an
input multiplicative uncertainty bound of 0.36 (equal to 1=2:71). It
should be noted that the optimal controller provides robust perfor-
mance, in the formof closed-looptime constantsof less than33 s, for
diagonal multiplicativeuncertainty in the input of less than or equal
36%. The optimal rate gain matrix was Gr D diag(0.86, 1.93, 1.74,
5.44, 2.99, 1.25, 0.46, 0.77). To further demonstrate these results, a
1000 run Monte Carlo simulationwas performedwherein the signal
in each input channelwas randomly and independentlymodi� ed by
as much as §36%, using MATLAB’s random number generating
function with normal distribution. Figure 3 shows the locations of
two poles of the closed-loopsystem closest to the imaginary axis, as
computed from the Monte Carlo simulation. As expected, the loci
of these poles stayed to the left of the ¡0.3 line.

To evaluate the effect of the ® level on the uncertainty that can
be tolerated, several static dissipative controllers were synthesized
for various® levels,using the nonlinearprogramming techniquede-
scribed earlier. Figure 4 shows the result of this trade study. Here, it
is observed that, as expected, performance and robustness to uncer-
tainty follow an inverse relationship. The higher the performance
levels are, the smaller the uncertainties tolerated, and the smaller
the performancelevels are, the larger the uncertaintiesallowed.The

Fig. 3 Loci of the closed-loop poles closest to the imaginary axis, static
dissipative controller.
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Table 1 Maximum spectral radius values
for the static dissipative controllers

Degree Maximum
of stability, ® spectral radius ±max

0.05 1.0357 0.9655
0.1 1.1539 0.8666
0.2 1.6025 0.6240
0.3 2.7116 0.3687
0.4 15.0675 0.0664

Table 2 Uncertainty allowance trade study

Static dissipative Dynamic dissipative
Degree controller uncertainty controller uncertainty
of stability, ® allowance allowance

0.05 0.961 0.960
0.1 0.857 0.858
0.2 0.607 0.611
0.3 0.336 0.337
0.4 0.060 0.087

Fig. 4 Tradeoff between performance and uncertainty, static dissipa-
tive controller.

level of performanceis boundedon the rightby the locationof the � -
nite zerosof the � exibleplant becauseas the gain matrix is increased
a number of closed-loop poles (equal to the number of � nite zeros
of the system) approach the � nite zeros. On the left, the tradeoff
curve continues to rise as the performance level ® decreases. If the
performance level ® is the only driving factor in the controller de-
sign, then as the ® level drops below the performance level of the
open-loop system, the uncertainty level that can be tolerated goes
beyond1.0 (allowing 100% or more variation in the inputs), and the
control gain would approach zero (because no control is necessary
to obtain desired performance).

To verify these results with respect to theorem 1, the maximum
spectral radius values for the closed-loop systems formed with the
describedoptimalstaticdissipativecontrollerswere computedto de-
termine the less conservativemaximuminput uncertaintylevels (see
Table 1). See Table 2 to compare the maximum input certaintylevels
for these same controllers as computed from the H -in� nity norm
bound. Using the maximum input uncertainty levels from Table 1,
the stability of the closed-loopsystem, formed with each controller,
was checked by computing Ref¸.As ¡ Bs .I C ±max

NI /Gr BT
s /g, for

all possible permutations of NI , i.e., the stability conditions of the-
orem 1. The condition for degree of stability set in theorem 1 was
consideredviolated if any eigenvaluelay to the right of the speci� ed
¡® line for the given controller. This is equivalent to the condition
set in theorem 1, where the eigenvalues of the closed-loop system
formed by the ®-shifted plant, A0

s , and controller must lie to the
left of the j! axis. A violation would indicate that the particular

controller could not guarantee the desired closed-loop ® degree of
stability for all possible distinct input uncertainties up to the speci-
� ed ±max level. For a controllerwith m inputs, there would be 2m ¡2
permutationsof the matrix NI , excludingthe permutations NI D I and
NI D ¡I . In the example, with 8 inputs, 254 permutations of NI and,
thus, 254 sets of closed-loop eigenvalues were computed for each
static dissipativecontroller.The results of these computationsshow
that for those controllers corresponding to ® ranging from 0.05 to
0.3, the closed-loopeigenvalueslay to the left of the ¡® lines for all
permutationsof NI , thus satisfying the requirement set in theorem 1.
This supports the effectiveness of the optimization problem posed
for the synthesis of a static dissipative controller without includ-
ing the side constraints of theorem 1. However, for the ® D 0:4
controller, there were several permutations of NI where some of the
closed-loop eigenvalues lay to the right of the ¡0.4 line; thus, that
speci� c static dissipativecontrollerwould not be able to guaranteea
closed-loopsystem degree of stabilityof 0.4 for all possibledistinct
input uncertainties of up to 0.0664. Further computations revealed
that the maximum allowable input uncertaintylevel, to guaranteean
® D 0:4 degree of stability, would be 0.0663. Conversely, if a max-
imum uncertainty allowance of 0.0664 was truly desired, then the
achievable guaranteed degree of stability would be a slightly lower
value of 0.39998. Again, this shows the effectiveness of this syn-
thesis procedure and how well the spectral radius bound in Eq. (10)
approximates the allowed uncertainty tolerance. If the design does
not satisfy the conditions of theorem 1, one can easily determine
what performance level it can provide.

Incorporating both the maximum spectral radius method of cal-
culating ±max (instead of the H -in� nity norm bound method) and
permutation calculations would make the controller design synthe-
sis procedure either too computationally intensive or intractable,
particularlyif large numbers of inputs and/or system states were in-
volved. The current design synthesis procedure gives good results,
which can be checked and adjusted as needed off line.

Dynamic Dissipative Controller
A dynamic dissipativecontrollerwas synthesized,using the same

nonlinear programming approach used to create the static dissipa-
tive controller. For the dynamic dissipative case, the optimization
problem involved minimizing Eq. (20). Like the static dissipative
controllerdesignexample,rate informationwas usedas thefeedback
signals.For the desiredclosed-loop® degreeof stabilityof 0.3, the a
and q parameterswere optimized to maximize the input uncertainty
allowanceto the plant.Again, theADS softwarepackagewas used to
performthe optimization.For eachof the eightsensor/actuatorpairs,
a second-ordercontrollerwas synthesized,making the total order of
the complete dynamic dissipative controller equal to 16. As initial
conditions, the controller for each sensor/actuator pair was set as

Gr i
100.s C 50/

.s C 100/.s C 50/
(25)

where Gr i was the optimal gain associated with the i th sensor/
actuator pair of the static dissipativecontroller described in the ear-
lier numerical example. The initial pole and zero locations were
selected to make the dynamic dissipative controller behave like the
constant-gain static dissipative controller in the frequency band-
width of the plant model (34 rad/s). The ADS program was free to
adjust these pole and zero locations, as well as the gains, during the
optimization. The optimization decreased the objective function to
2.96, which was slightly lower than the static dissipativecontroller.
The uncertainty allowance value, as computed by the maximum
of the spectral radius over the frequency spectrum of interest, was
2.70, which corresponds to a multiplicative uncertainty bound of
0.37. The pole and zero locations of the optimal dynamic dissipa-
tive controllerchangedvery slightly from those of the initial values.
The largestchangeoccurredin the controllerportionassociatedwith
the second sensor/actuator pair: the optimal pole locations were at
¡50:019 and ¡99:981; the optimal zero location was at ¡49:973;
and the optimal dc gain was 1.931, where the initial, i.e., the opti-
mal gain for the second sensor/actuator pair of the static dissipative
controller, dc gain was 1.933.
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Fig. 5 Loci of the closed-loop poles closest to imaginary axis, dynamic
dissipative controller.

Fig. 6 Tradeoff between performance and uncertainty, dynamic dissi-
pative controller.

To verify these results, a 1000 run Monte Carlo simulation was
performed wherein the signal in each input channel was randomly
and independently modi� ed by as much as §37%. Figure 5 shows
the locations of two poles of the closed-loop system closest to the
imaginary axis for the simulation. As expected, the loci of these
poles stayed to the left of the ¡0:3 line.

To evaluate the effect of the ® level on the uncertainty that can
be tolerated, several dynamic dissipative controllers, again using
the static dissipative controller optimal gains as initial conditions,
were synthesizedfor various ® levels using the nonlinear program-
ming technique described earlier. Figure 6 shows the result of this
trade study. Here, as was observed in the static dissipative con-
troller designs, performance and robustness to uncertainty follow
an inverse relationship. The higher the performance levels are, the
smaller the uncertaintiestolerated, and the smaller the performance
levels are, the larger the uncertainties allowed. When comparing
Figs. 4 and 6, it can be observed that the dynamic dissipative con-
trollers were able to achieve, if only marginally,better performance
than the static dissipative controllers. This was attributed to the in-
creased design freedom of controller zero and pole placements to
better affect the system’s overall dynamics. Other dynamic dissi-
pative controller designs, with higher required degree of stability
®, achieved more noticeable improvements over the static dissipa-
tive controller. Table 2 lists the uncertainty allowance values, as
computed from the H -in� nity norm bound, for several degrees of
stability ®, taken from the respective static and dynamic dissipative
controller trade studies.

These dynamic dissipative controllers were tested with respect
to the stability requirement set in theorem 3. As in the case with

Table 3 Maximum spectral radius values
for the dynamic dissipative controllers

Degree Maximum
of stability, ® spectral radius ±max

0.05 1.0376 0.9638
0.1 1.1525 0.8667
0.2 1.5980 0.6258
0.3 2.7027 0.3700
0.4 10.4592 0.0956

Fig. 7 Block diagram for the robust stabilization problem.

the static dissipative controllers in the preceding section, the maxi-
mum spectral radii of the closed-loop systems formed by these dy-
namic dissipative controllers were computed. These values, along
with their corresponding maximum input uncertainty allowances
±max are listed in Table 3. Using the maximum input uncertainty
levels from Table 3, the degree of stability of the closed-loop
system, formed with each controller, was checked by comput-
ing the real parts of the eigenvalues of the closed-loop system
[As ¡Bs .I C ±max

NI /CcI Bc BT
s Ac], for all possible permutations

of NI , where .Ac; Bc; Cc/ are the dynamic dissipativecontrollerma-
trices. If any eigenvalue lay to the right of the speci� ed ¡® line for
the controller in question,then the conditiongiven in theorem 3 was
consideredviolated, i.e., that particularcontrollercould not guaran-
tee the desired closed-loop® degree of stability for all possible dis-
tinct input uncertainties up to the speci� ed ±max level. Again, this is
equivalentto therequirementgivenin theorem3,where theeigenval-
ues of the closed-loop system [A0

s ¡Bs.I C ±max
NI /CcI Bc BT

s A0
c],

i.e., with the shifted plant and controller, must lie to the left of the
j! axis. For each controller, 254 sets of closed-loop eigenvalues
were computed. The results of these computations show that for
those controllers corresponding to ® ranging from 0.05 to 0.3, the
closed-loop system eigenvalues lay to the left of the ¡® lines for
all permutations of NI , thus satisfying the requirement set in the-
orem 3. However, for the ® D 0:4 controller, there were several
permutations of NI where some of the eigenvalues lay to the right
of the ¡0.4 line; thus, that speci� c dynamic dissipative controller
would not have been able to guarantee a closed-loopsystem degree
of stabilityof 0.4 for all possibledistinct input uncertaintiesof up to
0.0956.Further computationsrevealed that the maximum allowable
input uncertainty level, to guarantee an ® D 0:4 degree of stability,
would be 0.091.Conversely,if a maximumallowableuncertaintyal-
lowanceof 0.0956 was truly desired, then the achievableguaranteed
degree of stability would be 0.3977.

Similar to the static dissipative controller synthesis procedure,
the dynamic dissipative controller synthesis procedure shows its
effectivenessfor providing fault accommodation.If the design does
not satisfy the conditions of theorem 3, one can easily determine
what performance level it can provide.

¹ Controller
Actuator failures for any combination or number are modeled as

independentscalar multiplicativeuncertaintiesin all channelsat the
input to the CEM structure.This results in a diagonalmultiplicative
uncertaintyat the input. Although not strictly necessary for the sole
purposeof optimizingstability robustness,weighted external inputs
and outputs were introduced to formulate the problem in terms of a
performance robustness problem for a general LFT. For this study,
very small values for the external input–output weights were cho-
sen to emphasize only the ¹ of the robust stability block. The D– K
iteration method was used to design ¹ controllers for all cases us-
ing only constant scales. Figure 7 shows the ® shifted closed-loop
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Fig. 8 Tradeoff between performanceanduncertainty,¹ synthesis and
static and dynamic dissipative cases.

system used for controller design. The magnitude of the diagonal
uncertainties,±1; : : : ; ±8 , were assumed to be bounded by unity.

Figure 8 shows the tradeoff between the desired degree of sta-
bility, ®, and the corresponding maximum size of the uncertainty
tolerated.For a given ® value, the uncertaintyweight was increased
until the sup! ¹[Fl.P 0; K 0/11] approached unity. As in the dissipa-
tive case, the generaltrend is that as ® increaseslinearly,1 decreases
exponentially. Although not shown in Fig. 8, an arbitrary level of
uncertainty can be accommodated at ® D 0. This corresponds to
the special condition where the given structural plant is stable and
the controller basically opens the loop to guarantee robust stability.
Note that because the ® shift does not change the plant eigenvec-
tors, the controllability and observability of the ® shifted nominal
structural plant will not change.

Although the inputs and outputs of the structure were physically
collocated, the input and output responses are not diagonally dom-
inant. Therefore, it is not surprising that the controllers obtained
had large, but not dominant, diagonal components. In addition, the
diagonal nature of the uncertainty did not signi� cantly increase ro-
bustness over the corresponding unstructured case. It is also noted
that ¹ controllers are generally not positive real; hence, these con-
trollers, although they are robust to particular uncertainty, are not
automatically robust to parametric uncertainty and spillover prob-
lem. However, additional uncertainty models can be introduced to

robustify the ¹ controller. Simulation was also done to verify ®
degree of stability for the set of perturbed systems.

Concluding Remarks
This paper presents the developmentof novel methodologiesthat

allow direct synthesis of controllers that guarantee robust stability
with a prescribeddegree.This is useful for fault accommodationbe-
cause robust stability and performance are of primary concern. For
soft failures in the form of large degradation in the actuator/sensor
signals, both dissipative- and H -in� nity-based controllers can sig-
ni� cantly mitigate signi� cant (up to 20 or 30%) errors and still
guaranteevariousdegreesof stabilityrobustness.The ¹-based com-
pensator consistently provided larger uncertainty tolerance (for a
desired degree of stability) than the static dissipativecontroller.The
dynamic dissipative controller was second best in terms of provid-
ing robust performance in the presence of failures, particularly for
largedesireddegreesof stability.Nonetheless,the constantdiagonal
nature of collocated velocity feedback provides good performance
when compared to the much more complicated ¹ or dynamic dis-
sipative compensators. The simplicity in the static dissipative con-
troller and its guaranteed stability under hard failures with mild
assumptions is certainly attractive.
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